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Abstract: We have composed this article to distinguish a new sort of continuity in the generated 

topology in the space of proximity, which depends on opening group in proximity space, and we 

have presented some of its identifications and types among it and other sorts, which we have shown 

in a prior research. 
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   INTRODUCTION 

Because of development in many different types of sciences, technical problem, many 
scientific, and engineering, this problem need fast solution and non-traditional to reduce 
the confusion in these types pure and sciences applied [5,12]. One between important 
notions that play unfiled role in solving many problem is the concept nearness (proximity) 
which has an important and basic role in solving various problem in the fields of image 

analysis, face recognition, image processing and information systems [2,5,6]. 
Proximity introduce in 1909 by Reize and in 1952 Efromovic developed [1,9,10] it as 
well as 1906 [2,4], the concept of continuity is considering one of essential and 
fundamental concept for topological propositions, as it has been studied in detail and 
through different types, both notions are firstly mentioned by Fr`echet, topological 
structure [2,4], Kuratowski, in 1933 [2,4,9]. 
Therefore, in a previous study, we have shown a sort of continuity that we called δ_ω-

continuous and in this research, we will show a new type of continuity, that we called 
named δ_σ-continuous, and we will show through the research the qualification of the 
new sort and the relationship between it δ- continuous, δ_ω-continuous. 

                                               SALMONELLA BACTERIA 

In that part, we review the most important acquaintances and theorem that have been 
studied in proximity space and necessary in our work, through which we arrive at the 
most important properties of the new type of continuity, we studied in this article.  
Definition 1 [5] 

δ is relation on the family 𝒫(𝔛) of all subsets of a set 𝔛 called a proximity on 𝔛 if the 
following conditions are satisfies: 

(Ρ1) If ℳ𝛿 ℬ, then ℬ 𝛿 ℳ; 

(Ρ2) ℳ 𝛿 (ℬ ∪  𝐶) If and only if either ℳ𝛿 ℬ or ℳ 𝛿 𝐶; 

(Ρ3) 𝔛𝛿 ̅∅; 
(Ρ4) {𝑥} 𝛿 {𝑥} For each 𝑥 ∈ 𝔛; 
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(Ρ5) If ℳ𝛿 ̅ℬ, then there exist 𝐸 ∈ Ρ(𝔛) such that ℳ𝛿 ̅𝐸 and 𝑋 −  𝐸𝛿 ̅ℬ. 
The pair (𝔛, 𝛿) called a proximity space. If (Ρ4) is replaced by (Ρ′4){𝑥}𝛿 {𝑦} if and 

only𝑖𝑓 𝑥 =  𝑦, then 𝛿 is called a separated proximity relation and (𝔛, 𝛿) is called a 
separated proximity space. 
Example 1 [5]: 

We have discrete 𝛿𝐷  proximity space and indiscrete 𝛿𝐼 proximity space of any subset  

ℳ, ℬ of power set 𝒫(𝔛) of a set 𝔛 defined as:    

ℳ𝛿𝐷ℬ if and only if ℳ ∩ ℬ ≠ ∅, then 𝛿𝐷 is discrete proximity on a set 𝔛. 
If ℳ𝛿𝐼ℬ for every pair of non-empty subset ℳand ℬ of 𝔛, then the obtain the indiscrete 

proximity on𝔛. 
Definition 2 [5]: 

 If 𝛿1 and 𝛿2are two elements of class  𝛲 of all proximities defined on a set 𝔛, can be 

partially order by inclusion we define  δ1 >  δ2 if and only if ℳ 𝛿1ℬ implies ℳ 𝛿2ℬ .In 

this case we say that  𝛿1 is finer than  𝛿2, or  δ2 is coarser than δ1. 
Proposition 1 [4, 5, 8]: 

 Let (𝔛, 𝛿) be a proximity space. Then 

(a)  if ℳ 𝛿 ℬ and ℬ ⊆  𝐶, then ℳ 𝛿 𝐶; 

(b) if ℳ 𝛿̅ℬ and 𝐶 ⊆  ℬ, then ℳ𝛿̅𝐶; 

(c) if there exists a point 𝑥 ∈  𝔛 such that ℳ𝛿 {𝑥} and {𝑥} 𝛿 ℬ, then ℳ 𝛿 ℬ; 

(d) if ℳ ∩ ℬ ≠ ∅, then ℳ 𝛿 ℬ; 

(e) ℳ𝛿̅∅ for every ℳ ⊆ 𝔛; 

(f) if ℳ 𝛿 ℬ, then ℳ ≠ ∅ and ℬ ≠ ∅.  
Proposition 2: 

The axiom (P5 in Definition 1] is equivalent to any of the following statements: 

If ℳ𝛿̅ℬ, then there are sets 𝒲 and 𝑁, 𝒲 ∪ 𝑁 = 𝔛 such that ℳ𝛿̅𝒲, ℬ𝛿̅𝑁; 
If ℳ𝛿̅ℬ, then there are sets 𝒲 and 𝑁 such that ℳ𝛿̅𝔛 − 𝒲, 𝔛 − 𝑁𝛿̅ℬ and 𝒲𝛿̅𝑁; 
If ℳ𝛿̅ℬ, then there are two sets 𝐻 and 𝒲such that ℳ𝛿̅𝔛 − 𝒲,and  ℬ𝛿̅𝔛 − 𝑁, 𝒲 ∩ 𝑁 =
∅. 
Definition 3 [2,5]: 

 Let (𝑋, 𝛿)be a proximity space, then for all   ℳ, ℬ ⊂ 𝔛, ℬ a proximity or 

𝛿 −neighborhood of ℳ and denoted that relation as ℳ ≪  ℬ if and only if  
ℳ𝛿̅ 𝔛 −  ℬ.  
Theorem 1 [2]: 

 Let (𝔛, 𝛿) be a proximity space. Then the relation≪ satisfies the following properties: 
(𝑂1) 𝔛 ≪ 𝔛; 

(𝑂2) 𝐼𝑓 ℳ ≪ ℬ, then ℳ ⊂  ℬ; 

(𝑂3) ℳ ⊂ ℬ ≪  𝐶 ⊂  𝐷 implies ℳ ≪ 𝐷; 

(𝑂4) ℳ ≪  ℬ implies 𝔛 −  ℬ ≪  𝔛 −  ℳ; 

(𝑂5) ℳ ≪  ℬ𝑘 is true for k = 1, 2, …. , n if and only if ℳ ≪∩𝑘=1
𝑛 ℬ𝑘; 

(𝑂6) If ℳ ≪  ℬ, then there exists a set 𝑁 ⊂ 𝑋 such that ℳ ≪  𝑁 ≪  ℬ. This is implies 

ℳ ≪ 𝑖𝑛𝑡 𝑁 ⊂ 𝑐𝑙 𝑁 ≪ 𝑖𝑛𝑡ℬ ⊂ 𝑐𝑙ℬ.  If 𝛿 is a separated proximity , then 

(𝑂7) {𝑥} ≪ 𝔛 − {𝑦} if and only if 𝑥 ≠  𝑦. 
Corollary 1[5,7]: 

If  ℳ𝑘 ≪ ℬ𝑘  k = 1, 2, … n, then 

⋂ ℳ𝑘 ≪ ⋂ ℬ𝑘

𝑛

𝑘=1
    𝑎𝑛𝑑   ⋃ ℳ𝑘 ≪ ⋃ ℬ𝑘

𝑛

𝑘=1

𝑛

𝑘=1

𝑛

𝑘=1
 

Remark 1 [5]:  

The family ℱ(ℳ) of all 𝛿-neighborhoods of a set ℳ in proximity space (𝔛, 𝛿) and 𝛿-
neighborhoods in general is not open set with respect to this topology.  
Proposition 3 [5]: 

Let (𝔛, 𝛿) be a proximity space. Then 

(a) ℬ ∈ ℱ(ℳ) implies ℳ ⊂ ℬ; 
(b) ℬ ∈ ℱ(ℳ) implies  𝔛 −  ℳ ∈ ℱ(𝔛 − ℬ); 
(c) If ℳ ⊂ ℬ, then ℱ(ℳ) ⊂ ℱ(ℬ)); 

(d ) ℱ(ℳ ∪  ℬ) = ℱ(ℳ) ∩  ℱ(ℬ); 

(e) If  ℬ ∈ ℱ(ℳ)), then there exists 𝐶 ∈ ℱ(ℳ) such that  ℬ ∈ ℱ(𝐶)); 
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(f)  ℱ(ℳ) ∩ ℱ(ℬ)) ⊂ ℱ(ℳ ∩ ℬ), where  ℱ(ℳ) ∩ ℱ(ℬ) = {𝐶 ∩  𝐷: 𝐶 ∈ ℱ(ℳ), 𝐷 ∈
ℱ(ℬ)}. 

TOPOLOGY GENERATED BY A PROXIMITY 

In this part we shall be consider the topology on 𝔛 induced by a Proximity on 𝔛, and 
studies some definition and elementary properties. 
Theorem 2 [2, 8, 9]:  

If (𝔛, 𝛿)is a proximity space, then the family Τ𝛿  is a topology on the set 𝔛. 
Definition 2.2[6,7]:  

 Let (𝔛, 𝛿) be a proximity space. A subset 𝐹 ⊂ 𝔛 is defined to be closed if and only if 

𝑥 𝛿 𝐹 implies  𝑥 ∈  𝐹. By Τ𝛿  denote the family of complements of all the sets defined in 
such a way. 
Proposition 4[6]: 

The topology 𝑇𝛿 generated  by proximity relation on space 𝑋 is regular. 
Proposition 5 [6]: 

For any two elements  𝛿1, 𝛿2 of 𝒫, 𝛿1 > 𝛿2 if and only if  𝔜𝛿1𝒬 implies 𝒬𝛿2𝔜. 
Definition 4[7]: 

If 𝔖is a subset of a proximity space (𝔛, 𝛿), then 𝔖is open in topology Τ𝛿  if and only if 

{𝑥} 𝛿̅ 𝔛 −  𝔖 for every 𝑥 ∈  𝔖. 
Proposition 6 [6,7]: 
 For any two proximity relations 𝛿1, 𝛿2 in 𝔛,  if 𝛿1 < 𝛿2, then Τ𝛿1

⊂  Τ𝛿2
. 

Proposition 7 [10]: 

 If ℳ and ℬ are subsets of a proximity space (𝔛, 𝛿), then ℳ 𝛿̅ ℬ implies: 

ℬ̅  ⊂ 𝔛 −  ℳ; and   (ii) ℬ ⊂ 𝑖𝑛𝑡 (𝔛 −  ℳ). 
Proposition 8 [4,10]: 

 If ℳ ̅̅ ̅̅ and 𝐼𝑛𝑡ℳ detnote, respectively, the closure and the interior of the set ℳ of a 
proximity space (𝔛, 𝛿) with respect to the topology Τ𝛿 , then 

ℳ ≪ ℬ implies ℳ̅ ≪ ℬ        (ii) ℳ ≪ ℬ implies  ℳ ≪  𝐼𝑛𝑡 ℬ. 
Theorem 3[5]: 

 Let ∅ ≠  𝒢 ⊂  𝔛 𝑎𝑛𝑑 (𝔛, 𝛿) be a proximity space, for ℳ, ℬ ⊂ 𝒢 let ℳ𝛿𝒢ℬ if and only 

if ℳ𝛿 ℬ.Then (𝑌, 𝛿𝑌) is a proximity space. 
Proposition 9 [5]: 

Let (𝔛, 𝛿) be a proximity space, ∅ ≠ 𝒢 ⊂  𝔛, then   ℱ𝒢(ℳ) = {ℬ ⊆ 𝒢, ℳ ≪𝒢 ℬ} =

ℱ𝔛(ℳ) ∩ {𝑌}.   
Definition 5 [5]: 

 Let ∅ ≠  𝒢 ⊂  𝔛,  (𝔛, 𝛿) be a proximity space, The ordered pair  (𝒢, 𝛿𝒢) is called the 

proximity subspace of the proximity space (𝔛, 𝛿) such that the proximity relation 𝛿𝒢 

defined on the subset 𝛾 of the set 𝔛 is called the restriction on 𝛾 𝑜𝑓 the proximity 𝛿 and 

is denoted by 𝛿𝒢. 

 PROXIMALLY CONTINUOUS FUNCTION. 

In this part, we will discuss the most important definition and special feature of continuity 
in proximity space. 
Definition 6 [2,3,4]: 

 Let (𝔛, 𝛿𝜒) and (𝒢, 𝛿𝒢  ) be two proximity spaces. The mapping 𝑓 ∶ 𝔛  → 𝒢 is said to be 

proximally or 𝛿-continuous if ℳ𝛿𝔛 ℬ implies  𝑓(ℳ)𝛿𝒢  𝑓(ℬ) for every two sets ℳ, ℬ ⊂

𝔛. 
Proposition 10[6]:  

Let us consider a mapping f : 𝔛 ⟶ 𝒢, where (𝒢, 𝛿 ) is a proximity space and let us define 

a relation on the power set 𝑃(𝔛) of the set 𝔛 in the following way: 

ℳ𝛿∗ ℬ if and only if f (ℳ) 𝛿 f (ℬ) 

The proximity relation 𝛿∗ defined in such a way is called the inverse image of the 

proximity 𝛿 and denoted by 𝑓−1(𝛿). 
Proposition 11 [2,5]:  

If 𝑓 ∶  𝔛 →  𝒢 and 𝛿 𝑖𝑠 a proximity on the set 𝒢, then 𝑓−1(Τ𝛿) = Τ(𝑓−1(𝛿)). 

Corollary 2 [6]: 
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 If   𝑓 ∶ 𝔛 → 𝒢 and if 𝛿1 and 𝛿2 are the 𝔛 proximity on 𝒢 for which 𝛿1< 𝛿2, then 𝑓−1(𝛿1) 

< 𝑓−1(𝛿2) hold.  

Proposition 12 [2, 3]: 

 A mapping 𝑓 ∶  𝔛 →  𝛾 of a proximity space(𝔛, 𝛿𝔛) into a proximity space (𝒢, 𝛿𝒢  ) is 𝛿-

continuous if and only if for every two sets , 𝐾 ⊂ 𝒢, 𝑅𝛿𝒢̅  𝐾 implies 𝑓−1(R) 𝛿𝔛̅𝑓−1(K). 

Corollary 3 [6]: 

 Let 𝑓 ∶  𝔛 →  𝒢 be a mapping from a set 𝔛  on a proximity space (𝛾, 𝛿𝛾),  then  

𝛿𝔛 =  𝑓−1(𝛿𝛾) ) is the coarsest proximity on 𝔛  for which 𝑓 is a 𝛿-coontinuous mapping. 

 𝜹𝝎 −CONTINUOUS FUNCTION. 

Definition 7[1]:  

  Let   𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) be a mapping, the 𝑓 is said to be weakly continuous function 

in proximity space iff for all 𝓍 ∈ 𝔛, and for all ℋ ⊂ 𝒢, 𝑓(𝓍)𝛿𝒢̅𝒢 − ℋ, there exists 𝒰 ⊂

𝔛 , 𝓍𝛿𝔛̅𝔛 − 𝒰, 𝑓(𝒰)𝛿𝒢̅𝒢 − ℋ and denoted 𝛿𝜔 −continuous.   

Proposition 13[1]: 

𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) is 𝛿𝜔 −continuous iff  for all 𝓍 ∈ 𝔛 and for all  ℋ ⊂ 𝒢, 𝑓(𝓍) ≪

ℋ, there exists 𝑈 ⊂ 𝔛, 𝓍 ≪ 𝑈, 𝑓(𝑈) ≪ ℋ. 
 
Proposition 14[1]: 

If  𝑓: (𝔛, 𝛿𝐼𝔛) → (𝒢, 𝛿𝒢), then 𝑓 is not  𝛿𝜔 −continuous function. 

Proposition 15[1]: 

If  𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) is 𝛿𝜔 −continuous function, then 𝑓is continuous. 

Proposition 16[1]: 

If  𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) is  𝛿𝜔 −continuous function, then does not necessary 𝑓 is 

 𝛿 −continuous function. 
Proposition 17[1]: 

If  𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) bijective  𝛿 −continuous function,  then 𝑓 is  𝛿𝜔 −continuous 

function. 

 𝜹𝝈 −CONTINUOUS FUNCTION 

Definition 8:  

Let  𝑓: (𝔛, 𝛿𝔛)→ (𝒢, 𝛿𝒢) be any function, then 𝑓 is called almost continuous function in 

proximity space and it denoted simply ( 𝛿𝜎 −continuous function in proximity space) if 

and only if  for all 𝓍 ∈ 𝔛, 𝑉 ⊂ 𝒢 such that  𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉, there exists 

 𝒰 ∈ Τ𝛿𝔛
such that 𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉̅   for all 𝓍 ∈ 𝒰 and 𝑓(𝒰) ⊂ 𝑉̅. 

Example 2: 

Let (𝔛, T) is normal space (ℌ𝛿𝔛̅𝔅 ↔ ℌ̅ ∩ 𝔅̅ = ∅), 𝛿𝔛 is proximity relation on 𝔛 and 

(𝒢, 𝛿𝒢) is proximity space such that 𝛿𝐷𝒢 is discrete proximity space, then 𝑓: (𝔛, Τ𝛿𝔛
) →

(𝒢, 𝛿𝐷𝒢) is 𝛿𝜎 −continuous function, 𝔛 = {1, 2, 3}, 𝒢 = {𝒶, 𝔥}, 

 Τ𝛿𝔛
= {∅, 𝔛, {1}, {2,3}} is proximity topological space, 𝑓(1) = 𝒶, 𝑓(2) = 𝑓(3) = 𝔥. 

Solution  
Let  𝓍 = 1,  
If 𝑉 = {𝒶},  𝑓(1) = 𝒶𝛿𝒢̅𝒢 − {𝒶} = {𝔥}, there exists  

𝒰 = {1} ∈ Τ𝛿𝔛
 and 𝑓(1) = {𝒶}𝛿𝒢̅𝒢 − {𝒶}̅̅̅̅̅ = {𝔥}, and 𝑓({1}) = {𝒶} ⊂ {𝒶}̅̅̅̅̅. 

If 𝑉 = {𝔥}, 𝑓(1) = 𝒶𝛿𝒢𝒢 − {𝔥} = {𝒶}, 

Let  𝓍 = 2, 
If 𝑉 = {𝒶},  𝑓(2) = 𝔥𝛿𝒢𝒢 − {𝒶} = {𝔥}, 

If 𝑉 = {𝔥}, 𝑓(2) = 𝔥𝛿𝒢̅𝒢 − {𝔥}̅̅ ̅̅ = {𝒶}, and 𝑓(2) = 𝔥 ⊂ {𝔥}̅̅ ̅̅ there exists  

𝒰 = {2,3} ∈ Τ𝛿𝔛
 and  {

𝑓(2) = 𝔥 𝛿𝒢̅𝒢 − {𝔥}̅̅ ̅̅ = {𝒶}, 𝑎𝑛𝑑 𝑓(2) = 𝔥 ⊂ {𝔥}̅̅ ̅̅  

𝑓(3) = 𝔥 𝛿𝒢̅𝒢 − {𝔥}̅̅ ̅̅ = {𝒶} 𝑎𝑛𝑑 𝑓(3) = 𝔥 ⊂ {𝔥}̅̅ ̅̅
 

Let 𝓍 = 3, 
If 𝑉 = {𝒶},  𝑓(3) = 𝔥𝛿𝒢𝒢 − {𝒶} = {𝔥}, 

If 𝑉 = {𝔥},  𝑓(3) = 𝔥𝛿𝒢̅𝒢 − {𝔥} = {𝒶}, 𝑎𝑛𝑑 𝑓(3) = 𝔥 ⊂ {𝔥}̅̅ ̅̅ , 
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there exists 𝒰 = {2,3} and  {
𝑓(2) = 𝔥 𝛿𝒢̅𝒢 − {𝔥}̅̅ ̅̅ = {𝒶}, 𝑎𝑛𝑑 𝑓(2) = 𝔥 ⊂ {𝔥}̅̅ ̅̅

𝑓(3) = 𝔥 𝛿𝒢̅𝒢 − {𝔥}̅̅ ̅̅ = {𝒶}, 𝑎𝑛𝑑 𝑓(3) = 𝔥 ⊂ {𝔥}̅̅ ̅̅
 

Thus,   𝑓 is 𝛿𝜎 −continuous function. 
Proposition 18: 

Not all 𝛿𝜎 −continuous function is 𝛿 −continuous function and defined as 𝑓: (𝔛, Τ𝛿𝔛
) →

(𝒢, 𝛿𝒢), 𝔛 = {1,2}, 𝒢 = {𝔥, 𝒶}, 𝑓(1) = 𝒶 , 𝑓(2) = 𝔥 and defined 𝛿𝔛 as ℌ𝛿𝔛𝔐 ↔ ℌ ≠

∅, 𝔐 ≠ ∅, we will find {𝒶}𝛿𝒢̅{𝔥} but 

 𝑓−1({𝒶}) = {1}𝛿𝔛𝑓−1({𝔥}) = {2}, then 𝑓 is not  𝛿 −continuous. 

Remark 2: 

Every bijective 𝛿 −continuous and continuous  𝑓: (𝔛, Τ𝛿𝔛
) → (𝒢, 𝛿𝒢) is 𝛿𝜎 −continuous. 

Proof: 

  Let 𝓍 ∈ 𝔛, 𝑉 ⊂ 𝒢, 𝑓(𝔛)𝛿𝒢̅𝔛 − 𝑉, since 𝑓 is 𝛿 −continuous, then 𝑓−1(𝑓(𝓍)) 𝛿𝒢̅𝑓−1(𝒢 −

𝑉) and ;hence, 𝓍𝛿𝒢̅𝒢 − 𝑓−1(𝑉). Now let 𝑓−1(𝑉) = 𝒰 and since 𝑓 is continuous  form 

that we yet there exists 𝑈 ∈ Τ𝛿𝔛
, 𝔛 ∈ 𝑈 and because 𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉, then [by Proposition 

1.3.6 (b)] 𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉̅; hence, 𝑓is 𝛿𝜎 − continuous function. 

Proposition 19: 

𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) is 𝛿𝜎 −continuous if and only if  for all 𝓍 ∈ 𝔛, 𝑉 ⊂ 𝒢,  

𝑓(𝓍) ≪ 𝑉 there exists 𝒰 ∈ Τ𝛿𝔛
 such that 𝑓(𝓍) ≪ 𝑉̅ for all 𝓍 ∈ 𝒰 and 𝑓(𝒰) ⊂ 𝑉̅. 

Proof: 

Let𝑓: 𝔛 → (𝒢, 𝛿𝒢) is 𝛿𝜎 −continuous, then for all 𝓍 ∈ 𝔛, 𝑉 ⊂ 𝒢,𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉, 𝑓(𝓍) ≪

𝑉, there exists 𝒰 ∈ Τ𝛿𝔛
, such that 𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉̅ and [by Definition (1.6)] 𝑓(𝓍) ≪ 𝑉 for 

all 𝓍 ∈ 𝒰, and 𝑓(𝒰) ⊂ 𝑉.̅ 
Conversely, if for all 𝓍 ∋ 𝔛, 𝑉 ⊂ 𝒢, 𝑓(𝑥) ≪ 𝑉 imply 𝑓(𝓍) 𝛿𝒢̅𝒢 − 𝑉, there exists 𝒰 ∈ Τ𝛿𝔛

 

such that 𝑓(𝓍) ≪ 𝑉̅, then [by Definition (1.6)]𝑓(𝓍) 𝛿𝒢̅𝒢 − 𝑉̅ for all 𝓍 ∈ 𝒰. 

Now, since 𝑓(𝓍) 𝛿𝒢̅𝒢 − 𝑉̅ , 𝑓(𝓍) ∩ 𝑉̅𝑐 = ∅, and then 𝑓(𝓍) ⊂ 𝑉̅   for all 𝓍 ∈ 𝒰, since ∪

{𝑓(𝓍): 𝓍 ∈ 𝒰} ⊂ 𝑉̅  ; hence, 𝑓(𝒰) ⊂ 𝑉̅ that mean 𝑓 is 𝛿𝜎 −continuous function. 
Remark 3: 

𝑓: (𝔛, Τ𝛿𝔛
) → (𝒢, 𝛿𝒢) is constant, then 𝑓 is 𝛿𝜎 −continuous function since  

if  𝑓: (𝔛, Τ𝛿𝔛
) → (𝒢, 𝛿𝒢) such that, 𝑓(𝓍) = 𝒶 for all 𝓍 ∈ 𝔛, 𝒶 is constant and let  

𝓍 ∈ 𝔛, 𝑉 ⊂ 𝒢, 𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉, then for all 𝒰 ∈ Τ𝛿𝔛
 and for all 𝓍 ∈ 𝒰, 𝑓(𝒰) = 𝑎, and since 

𝑉 ⊆ 𝑉̅, 𝒢 − 𝑉̅ ⊂ 𝒢 − 𝑉 and [by Proposition 1.3.6 (b)] 𝑓(𝓍) = 𝒶𝛿𝒢̅𝑌 − 𝑉̅, 𝑓(𝒰) ⊂

𝑉̅, then 𝑓 is 𝛿𝜎 −continuous function.  
Proposition 20: 

Let 𝑓: 𝔛 → (𝒢, 𝛿𝒢) and 𝒢 is single set 𝒢 = {𝒶}, then 𝑓 is not  𝛿𝜎 −continuous function.  

Proof: 

Since 𝒢 = {𝒶}, then 𝛿𝜎 = {({𝒶}, {𝒶})}  and since for all 𝑥 ∈ 𝔛, there does not exists a 

proper set  𝑉 ⊂ {𝒶} = 𝒢, such that  𝑓(𝓍) = 𝒶𝛿𝒢̅𝒢 − 𝑉, then 𝑓 is  not 𝛿𝜎 − 

continuous function. 
Proposition 21: 

Every proximity 𝛿𝜔 − continuous function is 𝛿𝜎 −continuous function and conversely is 
true. 
Proof: 

Let 𝓍 ∈ 𝔛, 𝑉 ⊂ 𝒢, 𝑓(𝓍)𝛿𝒢̅𝒢 − 𝑉, since 𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) is proximity 

 𝛿𝜔 −continuous function, then exists 𝒰 ⊂ 𝔛,  𝓍𝛿𝔛̅𝔛 − 𝒰 and [ Definition2.4],  

𝒰 ∈ Τ𝛿𝔛
 and 𝑓(𝒰)𝛿𝒢̅𝒢 − 𝑉   and [ by Theorem 1 ] 𝑓(𝒰) ⊂ 𝑉 and then, 𝑓(𝒰) ⊂ 𝑉̅, that 

implies 𝑓 is 𝛿𝜎 −continuous function.    
Remark 4: 

Not every 𝛿𝜎 −continuous function is  𝛿𝜔 − continuous function since if we take  

𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢), 𝔛 = {1,2}, 𝒢 = {𝒶, 𝔥} and 𝛿𝔛 is defined as ℌ𝛿𝔛 𝔐 if and only if ℌ ≠

∅, 𝔐 ≠ ∅ and 𝛿𝒢 defined as ℌ𝛿𝒢𝔐 if and only if  ℌ ∩ 𝔐 ≠ ∅, and 𝑓 defined as 𝑓(1) =

𝑓(2) = 𝒶, clearly 𝑓 is 𝛿𝜎 −continuous function 𝑓  does not 𝛿𝜔 − continuous function 

since if we take 𝓍 = 1, 𝑓(1) = 𝒶 and let 𝑉 = {𝒶} such that 
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 𝑓(1)𝛿𝒢̅𝒢 − 𝑉 = 𝒢 − {𝒶} = {𝔥} there  exists only 𝒰 = 𝔛,1𝛿𝔛̅𝔛 − 𝔛 = ∅ but 𝔛 does not 

proper set; hence, 𝑓 is does not 𝛿𝜔 − continuous function. 
Corollary 4: 

The composition of two 𝛿𝜎−continuous is 𝛿𝜎−continuous. 
Proof  

Suppose that 𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿𝒢) is  𝛿𝜎−continuous function , 𝔖: (𝒢, 𝛿𝒢) → (𝕢, 𝛿𝕢) is 

𝛿𝜎−continuous  functions too,  to prove (𝔖𝑜𝑓)(𝕩) is 𝛿𝜎−continuous, let for all 𝕩 ∈ 𝔛, 

𝔚 ⊂ 𝕢, (𝔖𝑜𝑓)(𝕩)𝛿𝕢̅𝕢 − 𝔚, 𝔖(𝑓(𝕩))𝛿𝕢̅𝕢 − 𝔚, and since 𝔖 is 𝛿𝜎− 

continuous function and 𝑓(𝕩) ∈ 𝒢, then, there exists 𝔈 ∈ Τ𝛿𝒢
, 𝔖(𝑓(𝕩))𝛿𝕢̅𝕢 − 𝔈, for all 

𝑓( 𝕩) ∈ 𝔈, 𝑎𝑛𝑑 𝑓(𝔈) ⊂ 𝔚 ,̅̅ ̅̅  and since 𝕩 ∈ 𝔛, 𝑓 𝛿𝜎−continuous, then for all 𝔈 ⊂
𝒢, 𝑓(𝕩)𝛿𝒢̅𝒢 − 𝔈, but 𝔈 ∈ Τ𝛿𝒢

,𝑓(𝕩)𝛿𝒢̅𝒢 − 𝔈̅, there exists 𝒰 ∈ 𝔛, 𝑓(𝕩) 𝛿𝒢̅𝒢 − 𝔈 ̅for all 𝕩 ∈

𝒰, and 𝑓(𝒰) ⊂ 𝔈 ̅,then (𝔖𝑜𝑓)(𝕩) is 𝛿𝜎−continuous function. 
Corollary 5: 

Let 𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿1) is 𝛿𝜎−continuous function, if 𝛿2 is another proximity relation 

defined on 𝒢 coarser  than 𝛿1, then  𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿2) is 𝛿𝜎−continuous function. 
Proof:  

Since 𝑓: (𝔛, 𝛿𝔛) → (𝒢, 𝛿1) is 𝛿𝜎−continuous, then for all 𝓍 ∈ 𝔛, 𝒱 ⊆ 𝒢, 

 𝑓(𝓍)𝛿1̅𝒢 − 𝒱, there exist 𝒰 ∈ Τ𝛿𝔛
, 𝑓(𝓍)𝛿1̅𝒢 − 𝒱̅ and 𝑓(𝒰) ⊂ 𝒱̅, for all 𝓍 ∈ 𝒰 and since 

𝛿2 < 𝛿1 [by Definition 1.3], 𝑓(𝓍)𝛿2̅𝒢 − 𝒱 for all 𝓍 ∈ 𝒰, 𝑓(𝒰) ⊂ 𝒱̅ hence 𝑓: (𝔛, , 𝛿𝔛) →
(𝒢, 𝛿2) is 𝛿𝜎−continuous function. 
Proposition 22:  

Every continuous function is 𝛿𝜎−continuous. 
Proof  

Let 𝑥 ∈ 𝑋, 𝑉 ⊂ 𝑌, 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉, then 𝑓(𝑥) ∈ 𝑉; hence, [ by Theorem 1] 𝑉 is an open set, 

so because 𝑓 is continuous, then 𝑓−1(𝑉) is Τ𝛿𝑋
− open set, let  

𝑈 = 𝑓−1(𝑉); hence, 𝑥 ∈ 𝑓−1(𝑉) also 𝑓(𝑥)𝛿𝑌̅𝑌 − 𝑉 for all 𝑥 ∈ 𝑈. Now, since𝑓(𝑈) ⊂ 𝑉, 

 then 𝑓(𝑈) ⊂ 𝑉̅; hence, 𝑓 is 𝛿𝜎−continuou 
From above propositions we can draw diagram explain the relation between types of 
continuous in proximity space as follow: 
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