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access publication under the An algebraic family known such as K(G)-algebras or K-algebras of groups of G , which employ
terms and conditions of the . . . .

Creative Commons Attribution the resulting binary process ,was introduced by K. H. Dar <M. Akram in [9]. They extended the
cC BY li . a

Ehttps: y /Creaﬁvgcommon:;r;f scope of study for this algebra family in [10]. Fuzzy sets were first proposed by Zadeh [4]. Fuzzy set
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theory has since learned applications in a wide variety of domains. Evaluation regarding functional
operations, topological spaces, groups, rings, near rings, vector spaces, and automation are mathematical
concepts that numerous academics have confused. Fuzzy compactness, fuzzy C5-disconnectness, and fuzzy
Hausdorff spaces are among the characteristics studied in this article, along with fuzzy topological
subalgebras and ideal in K-algebras. In meantime, we review the characteristics of fuzzy topological ideals

of the inverse and homomorphic images of K-algebras.the twelfth 2. First Stages

Preliminaries

Central Asian Journal of Theoretical and Applied Science 2025, 6(3), 586- 598. https://cajotas.centralasianstudies.org/index.php/CAJOTAS


mailto:hind.adnan@ec.edu.iq

Definition 2.1. [9] Let (G, -, €) be a group with the identity e such that 2% # e
for some z(# €) € G. A K-algebra is a structure K = (G, -, =, ), where “©7” 1s
a binary operation on G which 1s induced from the operation “”, that satisfies
the following:

(k1) (Va,z,y€G) (amz) o (amy)=(at (¥ oz ) 0a),
(k2) (Ya,z€G) (a® (@oz) = (a0 z ) ®a),
(k3) (YacG) (@a®a=e¢),
(ki) (YacG) (@t e =a),
(K5) (Yae @) (ema=al).
If G is abelian , then conditions (k1) and (k2) can be written as follows:
(k1) (Va,z,yeG) (e x) o (aty) =y o),
(k?) (Va,z € C) (a0 (a® 1) = 2),

respectively.

Definition 2.2. [9] A nonempty subset H of a K-algebra A is called a subal-
gebra of K if 1t satisfies:

(1) e € H,
(i) (Va,be H) (a>be H).

Definition 2.3. Let Ky = (G4, -, =, e1) and Ko = (Ga, -, (), ea) be K-algebras.
A mapping f : Ky — K5 of K-algebras 1s called a homomorphism
if flzxoy)=f(z)® fly), ¥z, ye k.

Note that if f is a homomorphism, then f(e;) = es.
Definition 2.4. A nonempty subset A of a K-algebra A 1s called an ideal of
K af,
(1) e e A,
(i) (WVyeK)(Vze A) (zroy)e Aandy @ (y ox) e A= e A).
Definition 2.5. [1] Let X be a non-empty set. A fuzzy (sub)set A in X is
characterized by a membership function g4 : X — [0, 1].

Definition 2.6. [1] Let A and B be two fuzzy sets in X, then following op-
erations are valid :
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ANB =min (pa(x), pr(x))),

(d) (Vz € X)(AU B = max (ua(z), ps(z))).
Definition 2.7. The fuzzy sets ¢x and 1y in X are defined by
dox ={re X :p(r)=0} and 1x = {z € X : pu(z) = 1} respectively.
Definition 2.8. A fuzzy topology on a set X 1s a family 7 of fuzzy sets in X
which satisfies the following conditions:

(1) m)ﬁ ]-X SN

(1) If Ay, Ay € 7, then A1 N Ay € T,

(i) If A; € 7 for all i € I, then U;c;A; € 7.

The pair (X, 1) is called a fuzzy topological space(FTS) and members of 7 are
called open fuzzy sets( OFSs), and the complement of fuzzy open sets are closed

fuzzy sets(CFSs).

Definition 2.9. [5] Let f be a mapping from a set X into set Y.

(a) Let B be a fuzzy set in Y with membership function pgg. The inverse
image of B, denoted by f~'(B), is the fuzzy set in X with membership
function piy-1(p) defined by pp-1py(z) = pp(f(z)) forallz e X.

(b) Let A be a fuzzy set in X with membership function p 4. The image of
A, is denoted by f(A), is the fuzzy set in Y with membership function
fiy(ay such that

0. otherwise .

1. u:.my):{Sup”f_”“’””"‘“"”’? if /() # 0 ,

Proposition 2.10. Let A (A;)be a fuzzy set with membership function py
(pea,) in X and B be a fuzzy set with membership function pp in Y. Let
f: X —Y be a funcltion. Then

(a) If f is surjective , then f(f *(pg)) = pup-
(b) f(Ux) = 0y.

(¢) f(lx) =1y, if f is surjective.

(d) fF~'(1ly) = 1x.

(e) f~1(0y) =0x.

() f(UA;) =Uf(A).

Fuzzy Topological Subalgebra
definition 3.1. The eleventh point is a K-algebra fuzzy topology t. An indiscrete fuzzy topology is

Kif and only if it contains two types of fuzzy sets: empty (@K) and entire (1K). If every fuzzy subset
of K is contained in K-algebras with a fuzzy topology t, we say that it is a discrete fuzzy topology.
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definition 3.2. the eleventh The K-algebra and a fuzzy set A K containing a membership function
Fuzzy subalgebras of K are defined for any x and y in K, pA(x _ y) is greater than or equal to the
minimum of pA(x) and pA(y).

Example 3.3. [9] Consider the K-algebra K = (G, -, -, €), where

G = {e,a,a? a® a*} is the cyclic group of order 5 and (- is given by the
following Cayley table:
©le a a* a® a
ele a' @ & a
ala e at o o
a’la®> a e a* €
a*la® a2 a e €
al|a' @ a® a e
(a) If we define a fuzzy set as follows:
2 3 4
e a a° a a
A=<or (— — — — —)>
(0.5' 0.4 0.3 0.3 0.2}
e a o & o
Bo<g (2, 2 2 4 0,

06°0470505°0.3

Then the family {0k, 1, A, B} of fuzzy sets in K 1s a fuzzy topology
on K because the empty fuzzy set (- and the whole fuzzy set 1x are in
7, and the mtersection of any two members of 7 1s a member of 7, and
arbitrary union of members of 7 1s a member of 7.

(b) Define a fuzzy set A in K with membership function p4 defined by
pale) =08 and py(z) = 0.02 for all z # e in K. It is easy to check that
A 15 a fuzzy subalgebra of K.

K. H. Dar and M. Akram revealed the following findings in their publication [11].

Definition 3.4. Let (Fi,7r,) and (F3, 7p,) be fuzzy subspaces of fuzzy topo-
logical spaces (Ky,7) and (K, 7%) respectively, and let f be a mapping from
(K1, 7) to (K2, 7%). Then f is a mapping of (Fy, 7, ) into (Fy, 73,) if f(F1) C Fb.
Furthermore, f is relatively fuzzy continuous if for each open fuzzy set Vg, in
Tr,, the intersection f~Y(Vg,) N F} is in g, .

Moreover, f is relatively fuzzy open if for each open fuzzy set Up, in 7p,, the
image f(Up,) is in 7*.
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Theorem 3.5. Let Ky and Ky be K-algebras and let (F,1p) and (G,71c) be
fuzzy subspaces of (K1, 7) and (Kq, 7%) respectively. Let f be a fuzzy continuous
mapping of Ky into Ko such that f(Fy) € F,. Then f is relatively fuzzy
continuous mapping of Fy into Fs.

Proof. Let Vi, be a fuzzy set in 75, then there exists V' € 7 such that
7, = VN Fy. Since f 1s fuzzy continuous, it follows that F~YV) is a fuzzy

set In 7.
Hence f~} (Vi) N EFy= fFY(V N )N Fi=fY(V)NnfY ) nNnE=f"YV)nE
1s a fuzzy set in 7p,. This completes the proof. ]

Definition 3.6. Let 7 and 7 be fuzzy topologies on K-algebras Ky and Ko
respectively and A be a fuzzy set with membership function p4. A function
f i (Ky,m) — (Ko, m) is said to be a fuzzy continuous map from (K1, 1) to
(Kg, 7o) 1f 1t satisfies following conditions:

(i) For every A € 7, f~Y(A) € 7,

(ii) For every fuzzy subalgebras A(of Ky) in 7o, f~1(A) is a fuzzy subalgebra
(of K1) in 7.

Theorem 3.7. If 1y is a fuzzy topology on the K-algebra Ky and 15 is an indis-
crete fuzzy topology on the K-algebras Ko, then every function f: (Ky, 1) —
(Ko, ) is a fuzzy continuous map.

Proof. Since 7 is an indiscrete fuzzy topology, therefore, 7= {lx,, 1, }.

Let f: (Ky,7) — (Kg,7) be any mapping of K-algebras. We see that every
member of 7 1s a fuzzy subalgebra of K-algebra Ks. So it 1s enough to prove
that for every A € 7, f~1(A) € 7.

Let 0x, € 7. then for any = € Ky,
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Let Ox, € 7, then for any = € Ky,

FH0k,)(2) = Ok, (f(z))
= 0 [as f(z) € K9]
= Uk, (z) [by definition of empty fuzzy set].

Thus (f~}(0x,)) = 0k, € 1.
On the other hand, if 1y, € 7 and = € Ky, then we have

(f(le)(@) = l(f(x)
= 1 [as f(z) € K4
= lk,(z) [by definition of whole fuzzy set].

Thus (f~*(1x,)) = 1k, € 1. Hence f is a fuzzy continuous map which maps
U‘Ch T1) nto (Ka, 'TQ}. l

Theorem 3.8. Let my and ™ be any two discrete fuzzy topologies on the K -
algebras K| and Ky respectively. Then every homomorphism [ : (Ky, 1) —
(Kq,T2) is a fuzzy continuous map.

Proof. Since 71 and 19 are discrete fuzzy topologies on K-algebras Ky and K
respectively, for every A € 7, f~1(A) € 7y [Note that f is not the usual inverse
homomorphism from Ky to Ky].

Let A be a fuzzy subalgebra in 7 with membership function g4, then

for any z, y € Ky, we have

(fH pa))(z 0 y) = palflz 0 )
=pa(f(z)© fly)) [since [ is homomorphism]
> min{pa(£(2)),ma(f@)} [for pa is a fuszy subalgebra of K

= min{(f " (pa))(x), (f (1a)(w)}.

This shows that f~!(A) is a fuzzy subalgebra (of K;) in 7y and hence f is a
fuzzy continuous map from Ky to Ks. [
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Theorem 3.9. Let 1y and 1 be two fuzzy topologies defined on the K -algebras
Ky and Ky, respectively. Then every homomorphism f = (Ky,7) — (Kq.m)
need not in general be a fuzzy continuous map.

Proof. To prove this theorem 1t 1s sufficient if we prove the result to be false
for a particular 7, and 75 defined on any K-algebra K as m our definition of a
fuzzy continuous map we have not assumed Ky and Ky to be distinct.

Let K be any K-algebra. Define two fuzzy topologies 7y and 7 on K-algebra
K as 11 = {0k, 1, p} and 79 = {0k, 1xc, A}, where p, A - K — [0, 1] defined as

follows:
1 fzrz=e¢
(z) = {
0 z#e

and

0 r=e¢

1 ifzx#e
/\(I}z{ 7

where e is identity of a K-algebra. Define f : (K,7) — (K, 7) by f(z) ==
for all z € K. Clearly, f 1s a homomorphism. For x € & and A € 7. we have

(T N(@) = Af(x)) = M)

This gives (f~'(A\))(z) = A(x), for all z € K. That is f~'(A\) = A. Thus
Ff~YA) € 7y, as A ¢ 7. Hence f is not a fuzzy continuous map on K. 1

Definition 3.10. Let (K1, 1) and (K3, 72) be any two fuzzy topological spaces.
A function f: (K, 1) — (Kq, ) 1s said to be a fuzzy homomorphism if it sat-
1sfies the following conditions:

e f1s bijective,
e both f and f~! are fuzzy continuous maps.

Definition 3.11. A fuzzy topological space (K, 7) 1s said to be a fuzzy Haus-
dorff space if and only 1if for any two distinct fuzzy points # and y there exist
open fuzzy sets F' and G such that F' NG = (.

Theorem 3.12. Let 7y and 1 be the topologies on K-algebras Ky and K,
respectively and let f : Ky — Ko be a fuzzy homeomorphism. Then Ky s a
fuzzy Hausdorff space if and only if Ky is a fuzzy Hausdorff space.

Proof. Suppose that Ky 18 a fuzzy Hausdorft space. Let x; and x; be the fuzzy
points in 7 with = # y(z, y € Ky), then f~'(x) # f~'(y), as f is one to one.

For z € X, we consider
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_ _ _Jte(0, 1], if f(z)=x;
(f(z1)(z) = 21(f(2)) = 0. if £(2) £ x.
(0, 1], if z = fY(z);
o, if 2 £ f~(z).

(f~

That is, (f~1(z:))(2) = (f(z)):(2), for all z € K.
Hence, we have f~1(z;) = (f~!(z))..
Similarly we can prove that f~'(z,) = (f~'(z))s.
By defimition of a fuzzy Hausdorff space, there exist open fuzzy sets F, and
G, of f~Yx,) and f~'(z,) respectively such that F, N G, = Ux,. Since f is a
fuzzy continuous map from Xy to K and f~! is a fuzzy continuous map from
Ks to Ky, there exist open fuzzy sets f(F;) and f(G,) of z; and y, respectively
such that f(F,) N f(G,) = f(F. N G,) = f(Vk,) = Vk,. Hence Ky is a fuzzy
Hausdorff space.
Conversely, let (Ka, 7) be a fuzzy Hausdorff space. By a similar argument and
by also using the fact that both f and f~! are fuzzy continuous maps we can
prove that (K1, 71) 18 a fuzzy Hausdorff space. The proof is now completed. [J

Definition 3.13. Let 7 be a fuzzy topology on a K-algebra K. A FTS (K, 1)
is sald to be a fuzzy Cs- disconnected if there exists a fuzzy open and fuzzy
closed set F' with membership pp such that pup £ 1 and pp 3= O

A FTS (K, 7) is said to be a fuzzy Cy- connected if it is not a fuzzy Ck-
disconnected.

Central Asian Journal of Theoretical and Applied Science 2025, 6(3), 586- 598 https://cajotas.centralasianstudies.org/index.php/CAJOTAS



Theorem 3.14. Let 71 and 19 be the fuzzy topologies on K(G)-algebras Ky and
Ky respectively. Let f: Ky — Ky be a fuzzy continuous surjective mapping. If
(K, 7) is @ fuzzy Cx-connected, then (Ko, 79) is a fuzzy Cy-connected.

Proof. Assume that (Ko, 7) 18 a fuzzy Cs-disconnected. Then there exist a
fuzzy open and closed set F' with membership function pp such that pp # 1k,
and pp # 0i,. Since f is a fuzzy continuous mapping, f~(pur) is both OFS
and CFS.

Thus [~ (up)= 1k, or f~}(pp)= Uy, which is impossible.[since pp = f(f~(ur)
f(lk,) = 1y, and pp = f(f~'(pr)) = F(Ox,) = Ux, ]

This is contradiction to our assumption. Hence (K, 72) is also a fuzzy Cl-
connected. [

Definition 3.15. Let 7 be a fuzzy topology on a K-algebra K and F' be a
fuzzy set in K with membership function pp. If a class {< o, pp } >:i € I} of
OFS in K satisfies the condition F' C U {< z, up, >:1 € I} , then it is called
a fuzzy open cover of F.

A finite subclass of the fuzzy open cover {< =, up, >:1i € I} of F, which 1s
also a fuzzy open cover of F, is called a finite subcover of {< z, pup >:i € I}.
AFS F=<uzpupr>maFTS (X,7)1s called a fuzzy compact, if every fuzzy
open cover of I’ has a finite subcover.

Theorem 3.16. Let 7 and 1 be the fuzzy topologies on K -algebras K1 and
Ko respectively. Let f : K1 — Ko be a fuzzy continuous mapping. If F is a
fuzzy compact in (K1, 1), then f(F') is a fuzzy compact in (Ko, 12).

Proof. Let A= {pup, : i € I}, where up, =< y, up, > be a fuzzy open cover of
f(F). Then B= {f Y up) :i € I} is a fuzzy open cover of F. Since F is a
fuzzy compact, there exists an finite subcover pp (i = 1,2,--- .n) of F such
that F C U™, f~Y(pug,). Thus

f(F) C f(U fH(pr))
F(F) C U ()

f(F) € ULypir,

follows. Hence f(F') is a fuzzy compact in (Ka, 7). 1

Theorem 3.17. Let K be a K-algebra and let 7 be a fuzzy topology on K-
algebra K. Let A be a fuzzy topological algebra in K. Then the inversion map
f: A — A defined by f(x) = = ' and the inner automorphism h : A — A
defined by h(g) = aga~ ' are all relative fuzzy homomorphisms, where a < {x:
Alx) = Ale) }.
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Proof. Clearly f 1s one-to-one. Since

f(A)y) = sup A(z)=A(y)=Aly) YyeA
z€f~Hy)
That is, f(A) = A. Since f~'(z) = 27! is relatively fuzzy continuous, f is
relatively fuzzy open. Thus f is a relative fuzzy homomorphism. Let r, :
A — A be a right translation defined by r,(x) = za and [, : A — A be left
translation defined by [,(z) = ax. Then
(ra(A)(z) = sup A(z) = A(za™")
zEr;l(;rj
> min(A(z), A(a™")) = min(A(z), Ale))
= A(z) = A(za'a)
min(A(za™'), A(a))
= A(za™') = (ra(4))(2).

Thus r,(A) = A. Let ¢ : A — A x A be a map defined by oé(z) = (z,a)

and ¥ : A x A — A be a map defined by ¥(z,y) = zy. Then r, = 1 0 ¢.

Since ¢ and 1 are fuzzy continuous, r, 1s fuzzy continuous. Since r_ B

IV

r, 18 a fuzzy homomorphism. Similarly, [, 1s a fuzzy homomorphism. Since
h 1s a composition of r,—1 and [,, h 1s relatively fuzzy homomorphism. This

completes the proof.

4 Fuzzy topological ideals

Definition 4.1. A fuzzy set A in a K-algebra XU with membership function
pa s called a fuzzy ideals of K if 1t satisfies:

(i) (Vx € G) (pale) = pa(x)),
(i) (Vz,y € G) (pa(z) = min{pa(r Oy, paly © (y © x))}).

Example 4.2. [9] Consider the K(S;)-algebra K = (S3,-,),e) on the sym-
metric group S3 = {e,a,b.r,y,z} where ¢ = (1), a = (123), b = (132),
r = (12), y = (13), 2z = (23), and & 1s given by the following Cayley ta-

ble:

e r y z a b
ele r y z b a
rlr e a b z vy
yly b e a = =z
zlz a b e y =
ala z = y e b
b|b y z = a e
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Define a fuzzy set A in XU with membership function pa by pa(e) = t1, pa(p) =
ty, for all p # e, where t; > t5 in [0, 1]. It is easy to check that A is a fuzzy
ideal of K.

Definition 4.3. Let K be a K-algebra and 7 a fuzzy topology on K. Let A
be a fuzzy K-algebra with induced fuzzy topology 74. Then A is called a fuzzy
topological K-algebra if for each a € K the self mapping a, : (A, 74) — (A, 74)
defined by

ro(g) =g ©a Vge K, (1)
is relatively fuzzy continuous.

Theorem 4.4. Let f : K1 — Ks be a homomorphism of K -algebras. Let T and
7* be the fuzzy topologies on K1 and Ko respectively such that T = f~1(7%).
If B is a fuzzy topological ideal of Ko with membership function pg. Then
f~YB) is a fuzzy topological ideal of K1 with membership function Hf-1(B)-

Proof. It is easy to show that pip-1(p)(e) > ps-1(p)(x), for all x € Ky,
For any =z, y € K1, we have

pr-py(r) = pp(f(r))
min{pp(f(z ©y)),us(fly© (y @ x)))}
min{up(f(z) © f(y)), pe(f(y) © fly © x)))}
= min{pp-1p) (T O Y), pp-yp)(y © (y © )}
Hence f~1(B) is a fuzzy ideal of Ky.
Let Fy be an open fuzzy set in 7;-1(p) on f ~1(B). Since f is a fuzzy continuous
mapping of (Ky, 7) into (Ko, 7%), f is a relatively fuzzy continuous mapping of
(f~YB), Tj-1(p)) into (B, 7). If there exists open fuzzy set Fy € 75 such that
R =F (2)
Then
Pomtiy(9) = pr(ra(9)) = pr(9 ¢ a)

= pp-m) (9@ a) = pr(fg © a))
= n1r(f(9) © f(a))

ozt (9) = pe(f(9) © fa)) (3)

Since B is a fuzzy topological in Ko, the mapping r : (B,78) — (B,78)
defined by

ro(y) =y b Vbe Ky (4)
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1s relatively fuzzy continues.
Hr;l{Fl}(Q) = pr(f(9)© fla)) = #Fz(f‘f(a}(f(g)))
(9)) = #}1('?";(.11}(F2))(Q)
This implies that v }(Fy) = f~(r _{RJ(FQ)) and
sor;Y(Fy) N f~YB) = f~Yr ﬂa}( Ey)) 1 f~YB) is open in the induced fuzzy
topology on f~(B).

:Ur—lf(ﬂ}{Fz}(

O

Theorem 4.5. Let f : Ky — Ko be an isomorphism of K -algebras. Let 7 and
7" be the fuzzy topologies on Ky and ICo respectively such that f(1)=71". If A
is a fuzzy topological ideal of Ky with membership function py. Then f(A) is
a fuzzy topological ideal of Ko with membership function iy a).
Proof. It is easy to show that pipay(e) = prra)y(z), for all z € Ks.

Given z, y € Ky, let zg € f~'(z), yp € f~(y) such that
1a(T0)= SUPsep-1(2) (t), pa(Yo)= SuPcp-1(y(t). Then, we have

pray(r) = sup pa(t)

tef—1(x)
fa (o)

IV

fa(zo)
min{jis(zo © Yo), pra(vo © (Yo © o)) }
min{ sup pa(t), sup  pa(t)}
tef-1(zoy) te f~1(yo(yoz))
= min{psa)(r ©y), pra)(y© (¥ 0 x))}.
Hence f(A) 1s a fuzzy ideal of Ks.
Now we show that the mapping r, : (f(A), T}"(AJ) — (f(A), T_F(_q)\] defined by

mo(y) =y @b (5)

1s relatively fuzzy continuous for each b € K. Let U, be a fuzzy set in 74.
Then there exists a fuzzy set U in 7 such that Uy = UM A. Since f 18 one-one,
it follows that f(U,) = f(UN A) = f(U) N f(A) which is a fuzzy set in Tra)
This shows that f 1s relatively fuzzy open.

Let Vi4) be a fuzzy set in ‘r (4 The onto mapping of f imples that for each
b e Iy, there exists a € K SUCL that

b= f(a) (6)

RV AV

Thus

—

”f—ltrglt‘.«}(ﬂ})(l‘) = #-f—l{rj_'(i]{"}(ﬂ}} T) = #T;&l)(‘,f{”} (f(l'))
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Hpty i (B = Pymiard e B) = gt 00 ()

vy (Tra) (f(2))) = py, ,, (f(z) © fla))
= ﬁ«'af—lu—’ﬂ_,1:,J(I Da)= f-‘-'f—li‘l/“_,“]{'ra(;v))
= 1 (f (Vi) ().

This implies that f~'(r; (Vi) = r~1(f~1(Vy(a))). The mapping r, : (A, 74) —
(A, 74) defined by r,(x) = x ) a is relatively fuzzy continuous and f is rela-
tively fuzzy continuous map (A, 74) — (f(A), T;HJ).

Hence f_l(-r;l{l’}-(_q]]) NA=: ;l{f_l(lf}(m)} M A is a fuzzy set in 74. (I
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